Abstract. Let T be a torus and X an orientable T -manifold such that the action is almost free outside of finitely many submanifolds of codimension 2. We characterize geometrically when the equivariant cohomology H * T (X) is a certain syzygy as module over H * (BT ). It turns out that this only depends on the "face structure" of the orbit space X/T . Our criterion unifies and generalizes results of many authors about the freeness and torsion-freeness of equivariant cohomology for various classes of T -manifolds. It also permits to easily construct new examples.
Introduction
Let R be a polynomial ring in r variables over a field. Recall that a finitely generated R-module M is a j-th syzygy if there is an exact sequence
with finitely generated free R-modules F 1 , . . . , F j . The first syzygies are exactly the torsion-free modules, and the r-th syzygies the free modules. Syzygies therefore interpolate between torsion-freeness and freeness. In [1] , Allday, Puppe and the author initiated the study of syzygies in the context of equivariant cohomology.
More precisely, let T ∼ = (S 1 ) r be a torus and R = H * (BT ) the cohomology of its classifying space with rational coefficients. Consider the orbit filtration
of a "nice" T -space X, where the equivariant i-skeleton X i is the union of the T -orbits of dimension at most i. It leads to an "Atiyah-Bredon sequence"
(X r , X r−1 ) → 0 in equivariant cohomology. We call H Equally important is the case j = 2, which states that the "Chang-Skjelbred sequence" (1.4) 0 → H *
is exact if and only if H * T (X) is a reflexive R-module (a second syzygy). In this case one can efficiently compute H * T (X) out of data related only to the fixed points and the 1-dimensional orbits ("GKM method"). It turns out that for a Poincaré duality space X the second syzygies also characterize the perfection of the equivariant Poincaré pairing, see [1, Prop. 5.8] .
One would therefore like to to have an easy criterion to decide whether or not H * T (X) is a certain syzygy. In this paper we provide such a criterion for a large class of T -spaces X. Specifically, we assume the following:
(1) X is an orientable connected smooth T -manifold, (2) H * (X) is finite-dimensional, and (3) X r−1 , the complement of the full-dimensional orbits, is the union of finitely many closed connected submanifolds of codimension 2. Smooth toric varieties and, more generally, torus manifolds [16] and open torus manifolds [15] are of this form. Our class also includes interesting T -manifolds whose fixed point set is not discrete, for example the "mutants" constructed in [11] .
Let X be a T -manifold satisfying our assumptions. We call the closure P of a connected component of (X i \ X i−1 )/T a face of X/T of rank i. If all isotropy groups are connected, then the orbit space is a manifold with corners, and P is a face of X/T in the usual sense. Filtering P according to the rank of its faces leads to a complex B * c (P ) with
where H * c (−) denotes rational cohomology with compact supports. Our main result shows that whether or not H * T (X) is a certain syzygy only depends on the face structure of the orbit space: Theorem 1.2. Let X be a T -manifold satisfying the assumptions above. Then H Theorem 1.2 is proved in Section 4, based on a certain decomposition of the AtiyahBredon sequence for compact supports that we establish in Section 3. We comment in Section 5 on the relation to previous work; in Section 6 we finally illustrate the computational power of Theorem 1.2 by revisiting and generalizing the examples that were considered in [1] .
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Syzygies and fixed point sets
We work over a field k of characteristic 0; all tensor products are over k unless indicated otherwise. Also, all cohomology is taken with coefficients in k. In particular, R = H * (BT ) is a polynomial ring in r generators of degree 2 with coefficients in k. Here and elsewhere H * (−) denotes singular or, equivalently, Alexander-Spanier cohomology.
From the next section on, we will only consider smooth T -manifolds. However, in this section we more generally allow the same T -spaces X as in [1] . This means that X must be a locally compact, second-countable Hausdorff space such that H * (X) is a finite-dimensional k-vector space, and each X i must be locally contractible. Also, only finitely many subtori of T can occur as the identity component of an isotropy group in X.
We write AB * (X) or, if necessary, AB * T (X) for the (augmented) Atiyah-Bredon sequence (1.3), and AB * (X) for the non-augmented sequence obtained by removing the leading term AB −1 (X) = H * T (X). The analogous sequences for equivariant cohomology with compact supports are denoted by AB * c (X) and AB * c (X). A good reference for syzygies is [8, Sec. 16E]; see also the very short summary in [1, Sec. 2.3] . Recall that the depth of a finitely generated R-module M is the maximal length of an M -regular sequence; it is related to the homological dimension of M by the formula 
We observe that R p is a faithfully flat R ′′ -module. This is because R ∼ = R ′ ⊗ R ′′ is a free R ′′ -module, localization is exact and the localization map 
vanishes if and only if Ext 
Corollary 2.3.
(1) Assume that X is a Poincaré duality space over k. Then H * 
T (X) is a j-th syzygy if and only if
H i (AB * L (X K )) = 0 for any subtorus K ⊂ T with quotient L = T /K and any i > max(dim L − j, 0). (2) Assume that X is an orientable k-homology manifold. Then H * T (X) is a j-
Proof.
We start by recalling another result from [1] : The cohomology of the nonaugmented Atiyah-Bredon sequence AB * (X) can be expressed as an Ext module involving the (suitably defined) equivariant homology of X,
By Proposition 2.1, H * T (X) is a j-th syzygy if and only if (2.8) depth 
A decomposition of the Atiyah-Bredon sequence
For the rest of this paper we impose the following restrictions on X:
(1) X is an orientable connected smooth T -manifold, (2) H * (X) is finite-dimensional, and (3) X r−1 , the complement of the full-dimensional orbits, is the union of finitely many closed connected submanifolds Z 1 , . . . , Z k of codimension 2. Following [16] and [15] , we call them the characteristic submanifolds of X.
Smooth toric varieties and, more generally, torus manifolds [16] and open torus manifolds [15] are of this form, as are the "mutants" constructed in [11] . These classes of spaces will be discussed in more detail in Section 5.
Let π : X → X/T be the quotient by the T -action. We identify X T with its image in X/T . The closure P of a connected componentṖ of π(X i \X i−1 ) ⊂ X/T is called a face of X/T of rank i, with interiorṖ and boundary ∂P = P \Ṗ . The faces of X/T form a poset P under inclusion. If P < Q and rank P = rank Q − 1, we say that P is a facet of Q, in symbols P < 1 Q.
For a face P ∈ P we define the invariant submanifolds
and we write T P ⊂ T for the subtorus that is the common identity component of the isotropy groups of the points in XṖ . We also define the algebra R P = H * (BT P ) as well as restriction maps ρ P : R → R P and ρ P Q : R P → R Q for P ≤ Q.
as well as to an isomorphism of R-algebras
, where the R-module structure on the left hand side is defined via ψ P,L and the isomorphism H *
for j ≥ 0.
Lemma 3.1. This filtration is independent of the choice of L and thus induces a canonical isomorphism of R-algebras
, where the R-module structure on the left is defined via the restriction R → R P .
. This proves that ψ P does not depend on the chosen decomposition. The claim about the R-module structure follows because elements of positive degree in H * (BL) ⊂ R do not increase the filtration degree.
Analogously to (3.4), we obtain a canonical filtration of the Atiyah-Bredon sequence AB * c (X) with
and an isomorphism of R-algebras
The left hand side inherits a differential from AB * c (X). Our goal is to relate this complex to the orbit space X/T .
The stratification of a face P of X/T by its faces leads to a spectral sequence for cohomology with compact supports. The i-th column of the E 1 page is
We also need "good" generators of the algebras R P . It is here that the characteristic submanifolds come into play. Notice that their normal bundles are complex line bundles. Lemma 3.2. Let P ∈ P be of rank p. Then X P is the intersection of exactly r − p characteristic submanifolds Z i . Moreover, the normal bundle of X P is the direct sum of the restrictions of the normal bundles of these Z i .
Proof. Take an x ∈ XṖ . By the differentiable slice theorem, there is a T -stable neighbourhood U of T x and a T P -module V such that U is equivariantly diffeomorphic to a T -stable neighbourhood W of [1, 0] in T × TP V . Let χ 1 , . . . , χ i ∈ X(T P ) be the non-zero characters occurring in V , with multiplicities. It suffices to prove that they form a basis of X(T P ) ⊗ Z Q.
Since T acts almost freely on a dense subset of X, the same applies to T P and V . Hence the χ j 's span X(T P ) ⊗ Z Q. Now assume that they are not linearly independent. By replacing P by one of its faces, we may assume that any non-trivial relation among the χ ′ j s involves all of them. But this means that V K has (real) codimension at least 4 for any circle K ⊂ T P , and the same holds for the component of X K ⊂ X containing x. In other words, x does not lie in any characteristic submanifold, which is impossible. Hence the non-zero characters are linearly independent.
Remark 3.3.
Assume that all isotropy groups in X are connected. It then follows from Lemma 3.2 that the orbit space X/T is a manifold with corners 1 , whose faces of codimension j are the faces of X/T of rank r − j introduced above.
Assume additionally that any face of X/T contains a component of X T ; we will see in Theorem 4.4 that this is the interesting case for our purposes. Write m = dim X − 2r for the dimension of X T . As in the proof of Lemma 3.2, the differentiable slice theorem then implies that locally the T -action on X looks like the standard action of (S 1 ) r on C r × R m with trivial action on the second factor. For m = 0, these are the "locally standard actions" considered in [16] and [15] . 1 For the definition of a manifold with corners, see for instance [13, Sec. 1.1]. We assume as part of the definition that any face of codimension j is contained in exactly j facets. This is called a "manifold with faces" in [13] .
Let P ∈ P and consider the normal bundle to X P . By Lemma 3.2 it is the direct sum of the restrictions of the line bundles corresponding to the facets of X/T containing P . There is an obvious subbundle for any face O ≥ P , and by restricting further to any x ∈ X P we get an equivariant Euler class t P O ∈ R P , which is the product of the t P F with O ≤ F < 1 X/T . In particular, the t P F with P ≤ F < 1 X/T are canonical generators of R P . By naturality, these classes satisfy
To simplify notation, we write t O = t P O . Note that the R P -module R P t P is isomorphic to R P itself with a degree shift by 2 codim P .
Proposition 3.4. For any i ≥ 0, there is an isomorphism of graded vector spaces
Proof. By collecting monomials in same generators, we arrive at isomorphisms of graded vector spaces
We have to show that (3.10) is compatible with the differentials. By equation (3.8) , it suffices to show that for any P < 1 Q the diagram
is well-defined and commutes. Here the pair (Ṗ ∪Q,Ṗ ) gives rise to the boundary map δ in the top row, and the inverse image of this pair under π to the boundary map in the bottom row. Since the boundary map in equivariant cohomology is R-linear, the claim follows from the R-module structure as given by Lemma 3.1.
The non-augmented Atiyah-Bredon sequence AB * c (X) is the E 2 page of a spectral sequence of algebras converging to H * T,c (X), hence is equipped with a multiplication induced by the cup product. The same applies to the associated graded complex Gr AB * c (X). We can describe the latter multiplication as well as the module structure over R in terms of the isomorphism Φ X established above. This is similar to the multiplicative decomposition obtained by Bifet-De Concini-Procesi for the equivariant cohomology of regular embeddings [4, Prop. 16] .
Like AB * c (X), each complex B * c (P ) has a product, which is natural with respect to the inclusion O ֒→ P of faces O ≤ P . For an element α ∈ B * c (P ), we write α| O for its restriction to B * c (O), and similarly in cohomology.
Note that for any pair of faces P , Q there is a minimal face containing both P and Q; it is denoted by P ∨ Q. Also note that the intersection P ∩ Q is (empty or) the disjoint union of faces O of codimension codim P + codim Q. Following [16] , we write O ∈ P ∩ Q for these faces.
The product of these elements under the isomorphism Φ X is
Moreover, a linear element t ∈ R acts by multiplication with the element
Proof. For the first claim, it is enough to verify the analogous identity for the underlying differential graded algebra, where we can do it componentwise for each summand H * +k c
corresponding to a face O ′ ∈ P of rank k. Assume first that P = Q = X/T . In this case the claimed identity follows from the multiplicativity of the map B * c (X/T ) → Gr AB * c (X), which is an isomorphism onto the graded piece corresponding to the lowest filtration degree.
For the general case we use that the multiplication in Gr AB * c (X) is R-bilinear. The R-module structure also follows from the R-bilinearity of the product. Remark 3.6. Assume that for any P ∈ P the graded vector space H * c (Ṗ ) is concentrated in at most one single even degree and one single odd degree. By inspecting the proof of Lemma 3.1, one sees that the isomorphism (3.3) is canonical in this case. As a consequence, Propositions 3.4 and 3.5 hold true without passing to the associated graded object. That is,
with the same R-algebra structure as in Proposition 3.5.
Example 3.7. Consider X = CP 1 = S 2 with the usual rotation action of the circle. Then R = k[t], and X/T is an interval with vertices P and Q. Hence (3.13)
The product of t P and t Q vanishes as P and Q do not intersect. Using Remark 3.6, we can recover the familiar presentation of the algebra H * T (CP 1 ) as a Stanley-Reisner algebra, (3.14) Proof. By induction, it suffices to prove the following claim: Let X be a T -manifold with corners, and let Z 1 , . . . , Z k , k ≥ 1, be the characteristic submanifolds of X (which are invariant submanifolds in the sense described above). Then there is a T -manifold with corners Y and an equivariant map β :
. Let K ⊂ T be the 1-dimensional subgroup fixing Z = Z k , and let β : Y → X be the blow-up along Z. Since the codimension of Z is 2, this sphere bundle is a circle bundle, and the fibres are orbits of K. Hence, β :
Observe that the sphere bundle intersects all faces of X and the other characteristic submanifolds transversally. Since dim T y = dim T β(y) + 1 for any y ∈ β −1 (Z), the claim about the characteristic submanifolds follows. Example 4.2. Let X be a smooth projective toric variety or a "toric manifold" in the sense of [10] . Then X can be reconstructed from the simple polytope X/T = Q as the identification space
where the equivalence relation identifies T P -orbits over the interior of each face P , cf. [10, Prop. 1.4]. The blow-up of X constructed in Lemma 4.1 is nothing but the quotient map
Remark 4.3.
We observed in Remark 3.3 that X/T is a manifold with corners if all isotropy groups are connected. In general, it is an "orbifold with corners". Since we are using coefficients in a field of characteristic 0, the quotient still behaves homologically like a manifold with corners. The easiest way to see this is to use the isomorphism
for any subset S ⊂ X/T and its relatives for equivariant homology and other supports, combined with equivariant Poincaré duality for Y , cf. [1, Sec. 3 & 6] .
We can now prove our main result.
Theorem 4.4. H * T (X) is a j-th syzygy if and only if H i (B *
c (P )) = 0 for all P ∈ P and all i > max(rank P − j, 0).
Proof. It follows from Lemma 3.2 that X satisfies the requirement on isotropy groups imposed in Section 2. By Corollary 2.3 (2), it therefore suffices to show that the condition above,
The connected components of X K are of the form X Q for certain faces Q. We consider these components separately. For the moment, we also assume K = T Q , so that dim L = rank Q. By Proposition 3.4 and condition (A) we have
(Here R P t P has to be understood with respect to the L-space X Q .) Because (4.4) is the E 1 page of a spectral sequence converging to H * (AB * L,c (X Q )), the claim follows.
where
, which reduces this case to the previous one.
¬(A) ⇒ ¬(B):
Choose a P ∈ P and an i > max(rank P − j, 0) such that (Bredon allows more general T -manifolds than we do here.) Observing that compared to [6] we have reversed the roles of compact and closed supports, we can extend his result as follows. Let Σ be a regular fan in Q r and X Σ the associated smooth toric variety. There is an inclusion-reversing bijection between the faces of X Σ /T and the cones σ ∈ Σ; the face P σ ∈ P corresponding to a cone σ ∈ Σ is of dimension dim P σ = codim σ. The link L σ of a cone σ ∈ Σ is empty or of dimension codim σ−1. The homology of L σ is related to the cohomology of P σ by By Remark 3.6 we have for any i ≥ 0 an isomorphism of graded algebras
Additively, such a decomposition has been obtained by Barthel- 
where "[−2r]" denotes a degree shift by −2r.
In the case where X Σ is a toric subvariety of C r , so that k[Σ] is a quotient of R, such a decomposition has been obtained by Yanagawa 
Torus manifolds.
In this section we additionally assume dim X = 2r. Such an X is called a torus manifold if it is compact and X T = ∅, cf. [16] . An open torus manifold is a T -manifold of the form X = Y \π −1 (S) where Y is a torus manifold and S a (possibly empty) union of faces of X/T , cf. [15] . Toric varieties are examples of open torus manifolds, and they are torus manifolds if they are complete. Note that an (open) torus manifold X has only finitely many fixed points, which correspond to the vertices (= rank 0 faces) of X/T . As a consequence, H * T (X) is free over R if and only if H * (X) vanishes in odd degrees. For a locally standard torus manifold X, Masuda-Panov proved that H * T (X) is free over R if and only if every face of X/T is acyclic [16, Thm. 9.3] . Masuda then generalized this characterization to open torus manifolds [15, Thm. 4.3] . Using Theorem 4.4 we can recover his result and sharpen it. Unlike [16] and [15] , we work over a field of characteristic 0 instead of the integers, so we can drop the assumption that X be locally standard. Proposition 5.3. Assume dim X = 2r.
(1) H in the same way as above is then torsion-free, but not reflexive. The cases Y = S 2r considered in [11] were the only examples known so far.
